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Developing recently proposed constructions for the description of particles 

o- 

in the (1/2,0) © (0,1/2) representation space, we derive the second-order 

equations. The similar ones were proposed in the sixties and the seventies 

OO ' in order to understand the nature of various mass and spin states in the 

o: 

representations of the 0(4, 2) group. We give some additional insights into 
q^ ' this problem. The used procedure can be generalized for arbitrary number of 

^3 | lepton families. 

a.: 

^ . A correct equation for an adequate description of neutrinos was sought for a long 

> ■ 

time ip-pl. This problem is, in general, connected with the problem of taking the mass- 

less limit of relativistic equations. For instance, it has been known for a long time that "one 
cannot simply set the mass equal to zero in a manifestly covariant massive-particle equation, 
in order to obtain the corresponding massless case", e. g., ref. [5a]. 

Secondly, in the seventies the second-order equation in the 4-dimensional representation 
of the 0(4,2) group was proposed by Barut et al. in order to solve the problem of the 
mass splitting of leptons |§-§| and by Fushchich et al, for describing various spin states in 
this representation ||[nj. The equations (they proposed) may depend on two parameters. 



"Submitted to "Nuovo Cimento A" 



Recently we derived the Barut- Wilson equation on the basis of the first principles ||1 1|| -P| 

Thirdly, we found the possibility of generalizations of the (1, 0)©(0, 1) equations (namely, 
the Maxwell's equations and the Weinberg- Tucker-Hammer equationsR) also on the basis of 



1 Briefly, the scheme for derivation of the equation 



[i^d^ + azVdn - k] ftx?) = 



(1) 



is the following. First, apply the generalized Ryder-Burgard relation (see below, Eq. (pi)) and the 
standard scheme for the derivation of relativistic wave equations JL2L footnote # 1]. Then form 
the Dirac 4-spinors; the left- and right parts of them are connected as follows: 



<J (~J*X\* 



<P l L (pn = -QiimiKipnr , <w = +e [1/2] [<(^] 

^(^) = -e [ i /2] [0i( P ^)r , <P l R (pn = +Q[i/2 ] [<P[(p fl W 



(2a) 
(2b) 



in order to obtain 
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in the coordinate space. Transfer to the Majorana representation with the unitary matrix 
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Finally, one obtains the set 
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for (j)(x^) = <ki + * 2 or x{x^) = *i - ^2 (where VF (x^) = \Pi + i^)- With the identification 
a/2m — ► 02 and m(l — b 2 )/2a — » k the above set leads to the second-order equation of the Barut 
type. 
2 In general, the latter does not completely reduce to the former after taking the massless limit in 



including two independent constants fL3| , cf. also fi~4]| . This induced us to look inside the 



problem on the basis of the first principles; my research was started in JT5| 



In this paper, we first apply the Ahluwalia reformulation [|1~2| , [3~6] , [3~T|] of the Majorana- 



McLennan-Case construct for neutrino |T8|fi9|] with the purpose of the derivation of relevant 
equations, we recalled above. 

The following definitions and postulates are used: 

• The operators of the discrete symmetries are defined as follows: a) the space inversion 
operator: 
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is the 4x4 anti-diagonal matrix; b) the charge conjugation operator 

i0p./2] 

-i0[i/ 2 ] 

with /C being the operation of complex conjugation; and (©[?■]) , = (— iy +h Sh',-h 
being the Wigner operator. 

The left- (<p L and C@[j]0r) an d the right- (4> R and C'G^j^*) spinors are transformed to 
the frame with the momentum p^ (from the zero-momentum frame) as follows: 



,(p") = A R (p"^Pn<P R (pn = exp(H-J. V3 )0 K (^) 
,(p") = A L (P" - P") MP") = exp(-J-^)0 L (^) 
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A are the matrices for the Lorentz boosts; J are the spin matrices for spin j, e. g., 



ref. ||20|| ; ip are parameters of the given boost. If we restrict ourselves by the case of 
bradyons they are defined, e. g., refs. p2yi~4}1 , by means of: 
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the "accustomed" way. 



The Ryder-Burgard relation between spinors in the zero-momentum frameQ is estab- 
lished 

#0") = a(-l)3- h e« M ^e {1/2] [r L h mr + foe 2 ^H^ 2] [0j(^)]* , (10) 

with the real constant a and b being arbitrary at this stage, h is a quantum number 
corresponding to the helicity, 

fe** \ 

£[1/2] = , (11) 

V e-t+J 

(f) is here the azimuthal angle related to p — > 0; in general, see the cited papers for the 
notation^ 

One can form either Dirac 4-spinors: 

/>«(P")\ 

u h ( P n = , v h W) = >fu h {jf) , (13) 



or the second-type spinors JL2], see also [2c, 28]: 



3 This name was introduced by D. V. Ahluwalia when considering the (1,0) © (0, 1) representa- 
tion |14|] . If one uses (p R (p^) = ±4> L (p^), cf. also pl|j2^ |, after application of the Wigner rules 
for the boosts of the 3-component objects to the momentum p^, one immediately arrives at the 



"Bargmann-Wightman- Wigner type quantum field theory", ref. [E3] (cf. also the old papers [24-26] 



and the recent papers 27,28(1), in this representation. The reader can still reveal some terminolog- 



ical obscurities in [14|. 



4 In general, one can connect also (f) L and (f) L . with using the Q matrix (see formulas (22a, b) in 
ref. @): 

cotan(6/2) , 

4>lm = n<t>im , n = = . |p| > 3 + g) . (12) 



-tan(6/2)J \/P 2 -pj |p 

We did not yet find the explicitly covariant form of the resulting equation. 
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or even more general forms of 4-spinors depending on the phase factors between their 
left- and right- parts and helicity sub-spaces that they belong to. For the second-type 
spinors, the author of ref. |T2| proposed several forms of the field operators, e. g., 



DL (^) =E/t^^- [A^K(^)expHp-*) + 



„ - (2nf2E p 
+ X^)dl( P n exp(+zp ■ x)} . (15) 



On the basis of these definitions on using the standard rules [^, footnote # 1] one can 
derive: 

• In the case d\ = 0, d 2 = vr the following equations are obtained for </> L (p /i ) and 
X R = Ca©[1/ 2 ]01(^) : 5 

#(p") = A>bf <- ?)<%(&) = U-i)^ +h K{p" ^p")k\p" -°pnx h R {pn + 

+ ^-KiP" - ^)S^e^A^ V - °P")X- R h {p") , (16a) 

x ; V) = a,(^ - p^)x; fc (^) = a>u-tf- h K(j? - ^)Ar v - p m )c V) + 

+ b( x A R (p» «- ^BpL/aiSpL/aiA- V - P M )^(^) • (16b) 



Hence, the equations for the 4-spinors A^'" 4 ^) take the formsf] 

ia— Af (p") - (6C/C - l)Af (p") = , (17a) 



5 The phase factors (, are defined by various constraints imposed on the 4-spinors (or corresponding 
operators), e. g., the condition of the self/anti-self charge conjugacy gives C>' = ±i. But, one 
should still note that phase factors also depend on the phase factor in the definition of the charge 
conjugation operator (|7|). The "mass term" of resulting dynamical equations may also be different. 

6 t/ is the chiral helicity quantum number introduced in ref. [12|. 
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a = ±(6 — 1) if we want to have p\ — p 2 = m 2 for massive particles. 



We can write several forms of equations in the coordinate representation depending on 
the relations between creation/annihilation operators. For instance, provided that we 
imply di(p^) = +ici(p fl ) and di(p^) = —ic^{p^); the /C operator acts on q— numbers 
as hermitian conjugation, the first generalized equation in the coordinate space reads 
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Transferring into the Majorana representation one obtains two real equations]] 
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for real and imaginary parts of the field function ^ {x^) = \E f i(x M ) + ^2(2^)- In the 
case of a = 1 — b and considering the field function = \l/i + \&2 we come to the Sokolik 
equation for the spinors of the second kind [ p6| , Eq.(8)] and ref. J2!| Eqs.(14,18)]. Next, 
we come to the second-order equation in the coordinate representation for massive 
particles 
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Of course, it may be reduced to the Klein-Gordon equation. In general, there may 
exist mass splitting between various CP— conjugate states. We shall return to this 
question in other papers. 



7 It seems that this procedure can be carried out for any spin, cf. [29] 



One can find the relation between creation/annihilation operators for another equation 

(A, & e 3fte) 
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which would be consistent with the equations ( |17a| - |17dD .p| Here they are: 



(b - l)c T = le^^dy - ie ia2 [3 2Ci , 
(b - l)q = - ze iai /3irf T + ie ia2 (3 2 ci , 
(b-l)d\ = -ie iai f3 lC \ - ie ia2 (3 2 d\ , 
(b - l)rf{ = ie iai (3 lC \ + ie ia2 (3 2 d] . 
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The condition of the compatibility ensures that a 2 = 0, tt and (3f + 0\ = (b — l) 2 . We 
assumed that two annihilation operators are linear independent. If f3\ = 0, we recover 
the Dirac equation but with additional constraints put on the creation/annihilation 
operators, c-f = =pcj. and df = iid;. The phase phactor a\ remains unfixed at this 
stage. 



In the Majorana representation the resulting set of the real equations are 
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For instance in the «i = § we obtain 
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8 As one can expect from this consideration the equation (^) may be reminiscent of the works of 
the 60s, refs. |-§J3(J. 



But, in any case one can recover the Klein- Gordon equation for both real and imaginary 
parts of the field function, Eq. (pD|). It is not yet clear, if the constructs discussed 
recently in ref. pC§ are permitted. 



But, we are able to consider other constraints on the creation/annihilation operators, 
introduce various types of fields operators (as in ||13| ) and/or generalize even more the 
Ryder-Burgard relation (see footnote # 4 of the present paper, for instance). In the 
general case, we suggest to start from 
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i. e., the equation (11) of (TT|. But, as opposed to the cited paper, we write the 
coordinate-space equation in the form: 
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thus introducing the third parameter. Then we can perform the same procedure as in 



ref. [II]. Implying ^ = ^ + W 2 and \1/ = ^3 + i\I/ 4 , one obtains real equations 
in the Majorana representation 
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for = ^1 + # 2 , X = ^1 - ^2 and = ^ 3 + * 4 , x = ^3 - *4- After algebraic 
transformations we have: 
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the third-order equations. However, the field operator \P may be linear dependent on 
the states included in the \l/. So, relations may exist between ^3^ and ^1,2- If we 
apply the most simple (and accustomed) constraints \l/i = —i^^fr^ and ^2 — ^7 5 ^3 
one should recover the Dirac-Barut-like equation with three mass eigenvalues: 
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Thus, we can conclude that as in several previous works we observe that the physical 
results depend on the stage where one applies the relevant constraints. Furthermore, 
we apparently note that the similar results can be obtained by consecutive applications 
of the generalized Ryder-Burgard relations. 

As indicated by Barut himself, several ways for introdcution of interaction with 4- 
vector potential exist in second-order equations. Only considering the correct one 
(and, probably, taking into account 7 5 axial currents introduced in |17||)> we shall be 
able to answer the question of why the «2 parameter of the Barut works is fixed by 
means of the use of the classical value of anomalous magentic moments; and on what 
physical basis we have to fix other parameters we introduced above. 

In conclusion, we presented a very natural way of deriving the massive/massless equations 
in the (1/2, 0) © (0, 1/2) representation space, which leads to those given by other researchers 
in the past. It is known that present-day neutrino physics has come across serious difficulties. 
No experiment and observation are in agreement with theoretical predictions of the standard 
model. Furthermore, Barut 's way of solving the hierarchy problem was almost forgotten, 
in spite of its simplicity and beauty. In fact, an idea of imposing certain relations between 
convective and rotational motions of a fermion is much more physical than all other modern- 
fashioned models. It may be very fruitful, because as we have shown previously and here, the 
(j, 0) © (0,j) representation spaces have a very rich internal structure. I hope the question 
of whether proposed equations have some relevance to the description of the physical world, 
will be solved in the near future. 
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